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(Phenotyping with Tensor Factorization)
• Regular Tensor Factorization Approaches (CP Decomposition)
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3Carroll, J. Douglas, and Jih-Jie Chang. "Analysis of individual differences in multidimensional scaling via an N-way generalization 
of “Eckart-Young” decomposition." Psychometrika 35.3 (1970): 283-319.



Challenges: Temporal Mismatch in Phenotyping

• Variable # hospital visits.
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Background: PARAFAC2 

(𝐽)

Input data: K subjects (patients), J medical feature and 𝐼𝑘 hospital visits per patient. 
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(𝑋𝑘)
Hospital Visits

𝑋𝑘 ∈ 𝑅
𝐼𝑘×𝐽

Kiers, Henk AL, Jos MF Ten Berge, and Rasmus Bro. "PARAFAC2—Part I. A direct fitting algorithm for the PARAFAC2 
model." Journal of Chemometrics: A Journal of the Chemometrics Society 13.3‐4 (1999): 275-294.



Model Interpretation for phenotyping via EHRs

Input

Each matrix 𝑋𝑘 represents patient k with
J medical features and 𝐼𝑘 hospital visits.

𝑽

Each column of 𝑉 represents a phenotype.

𝑺𝒌

The 𝑟𝑡ℎ column of 𝑈𝑘 represents the 
evolution of phenotype r.

The diagonal 𝑆𝑘provides the 
importance membership of R 
phenotype for patient k.

𝑼𝒌

6



Contributions of COPA
Marble Rubik PARAFAC2 SPARTan Helwig COPA

Smoothness ✓ ✓

Sparsity ✓ ✓ ✓

Scalability ✓ ✓

Handle irregular 
tensors

✓ ✓ ✓ ✓
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Smoothness on 𝑈𝑘
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𝑋𝑘∈ 𝑅
𝐼𝑘×𝐽

𝑀𝑘∈ 𝑅
𝐼𝑘×𝑙

𝑆𝑉𝐷 [𝐶𝑘, 𝑂𝑘, 𝑃𝑘
𝑇]

𝑋𝑘
′ = 𝐶𝑘

𝑇𝑋𝑘Apply COPA𝑈𝑘 is smooth



Creating Basis Functions
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considers the gap between two hospital visits

Ignoring the gap between two hospital visits

𝐼𝑘

𝐼𝑘

Hospital 
visit



COPA Framework

10

Hospital

Visits(𝐼𝑘)

( 𝑱 )
( 𝑹 ) 

( 
𝑹

)

( 𝑹 ) 

(𝑋𝑘) ≈

𝑆𝑘
𝑉

Minim𝑖𝑧𝑒
𝑈𝑘 , 𝑆𝑘 ,𝑉

1

2
 

𝑘=1

𝐾

𝑋𝑘 − 𝑈𝑘𝑆𝑘𝑉
𝑇
𝐹

2
+ 𝜆 𝑉

0

𝑈𝑘 = 𝑄𝑘𝐻,𝑄𝑘
𝑇𝑄𝑘 = 𝐼 For all k=1,…K

𝑆𝑘 ≥ 0 , For all k=1,…K
𝐻 ≥ 0, 𝑉 ≥ 0

Sparsity on V

Non-negativity 
constraint

𝑈𝑘

( 𝑹 )

( 𝑹 )

( 
𝑹

)𝑄𝑘 𝐻



Solution for factor matrix {𝑄𝑘}
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Minim𝑖𝑧𝑒
𝑄𝑘

1

2
𝑋𝑘 − 𝑄𝑘𝐻𝑆𝑘𝑉

𝑇
𝐹

2

Minim𝑖𝑧𝑒
𝑄𝑘

1

2
𝑋𝑘𝑉𝑆𝑘𝐻

𝑇 − 𝑄𝑘 𝐹
2

Trace Properties

Apply SVD

𝐵𝑘 , Σ𝑘 , 𝐶𝑘 = 𝑆𝑉𝐷 𝑋𝑘𝑉𝑆𝑘𝐻
𝑇

𝑄𝑘 = 𝐵𝑘𝐶𝑘
𝑇



Solutions for factor matrices H, 𝑆𝑘 , 𝑉

Where 𝑆𝑘 = 𝑑𝑖𝑎𝑔 𝑊 𝑘, : and 𝑊 ∈ 𝑅𝐾×𝑅 12

𝑋𝑘 − 𝑄𝑘𝐻 𝑆𝑘𝑉
𝑇
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2

𝑄𝐾
𝑇𝑋𝐾𝑄1
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1

2
Υ − [𝐻, 𝑉,𝑊]

𝐹

2
+ 𝜆 𝑉

0

𝐻 ≥ 0, 𝑉 ≥ 0, W≥ 0,

× 𝑄𝑘
𝑇

𝑄𝐾
𝑇𝑋𝑘 −𝐻 𝑆𝑘𝑉

𝑇
𝐹
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Sparsity on 𝑉
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Minim𝑖𝑧𝑒
𝑉

1

2
Υ − [𝐻, 𝑉,𝑊]

𝐹

2
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. . . .

𝑉 = 𝑉 Auxiliary Variable handles sparsity

Minim𝑖𝑧𝑒
𝑉
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2
𝑌 2
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2
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𝑻𝑿𝑲𝑌(2) ∈ 𝑅
𝐽×𝑅𝐾



Real Datasets Description

• Children Healthcare of Atlanta (CHOA):
Medical features contain diagnosis and medications. 

Hospital visits are based on days of visits. 

• Centers for Medicare and Medicaid (CMS):
CMS is a set of realistic data set publicly available, however, protecting the 

privacy of patients. 

Medical features just contains diagnosis. 
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Dataset # Patients # Medical 
Features

# Hospital
visits

#non-zero 
elements

CHOA 247,885 1388 857 11 Million

CMS 843,162 284 1500 84 Million



Evaluation Metrics
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FIT = 1 −
 𝑘=1
𝐾 𝑋𝑘 − 𝑈𝑘𝑆𝑘𝑉

𝑇
𝐹
2

 𝒌=𝟏
𝑲 𝑋𝑘 𝑭

𝟐

Sparsity

Running-Time

= 
𝑛𝑧(𝑉)

𝑠𝑖𝑧𝑒(𝑉)

(In Seconds)

Higher 
better

Higher 
better

Lower 
better



Quantitative assessment of Constraints 
This plot shows the impact of each constraint on the FIT values across both datasets for two 
different target ranks (R={15,40})

17

Higher 
better

R={15,40}

CHOA, CMS

* The missing purple bar in the forth column is out of memory failure for Helwig method.



Quantitative assessment of Constraints 

Sparsity Metric
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Higher 
better

5 different random initialization

CHOA CMS

Algorithm R=15 R=40 R=15 R=40

COPA 0.9886±0.0035 0.9897±0.0027 0.995±0.0001 0.9963±0.0002

SPARTan 0.7127±0.0161 0.8127±0.0029 0.1028±0.0032 0.2164±0.0236



Scalability 

CHOA, R=15 CHOA, R=40 CMS, R=15 CMS, R=40

The Total Running Time comparison (average and standard deviation) in seconds for different 
versions of COPA and SPARTan for 5 different random initializations. 19

Lower 
better



FIT-TIME (Convergence)

The best Convergence of COPA and SPARTan out of 5 different random initializations 

with non-negativity constraint on 𝐻, 𝑆𝑘 , 𝑉on CHOA, CMS data sets for different target 

ranks (two cases considered: R={15,40})

CHOA CMS
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CHOA CMS

Scalability
Time in seconds for one iteration (as an average of 5 ) for different values of R.

27 × 36 ×
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Case Study: CHOA Phenotype Discovery

A total of 4602 patients are selected with 810 distinct medical features.
We extracted 4 number of phenotypes. 

Our goal is:
• Extracting the phenotypes
• Find the temporal evolution of phenotypes for each patient.
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Focus on Medically Complex Patients (MCPs)



Phenotypes Discovered by COPA

No additional post-processing was performed on these results.
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Diagnosis

Medication

Title annotation is provided by a medical expert. 24



Temporal Phenotyping
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SPARTan Helwig COPA
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